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We investigate the kilohertz quasi-periodic oscillations of low-mass X-ray binaries within
the Hartle-Thorne spacetime. On the basis the relativistic precession model we extract
the total mass M , angular momentum J , and quadrupole moment Q of a compact
object in a low-mass X-ray binary by analyzing the data of the Z -source GX 5-1. In
view of the recent neutron star model we compute the radius, angular velocity and other
parameters of this source by imposing the observational and theoretical constraints on
the mass-radius relation.
Keywords: quasi-periodic oscillations, low-mass X-ray binary, GX 5-1, neutron stars,
mass-radius relation.
1. Introduction
In our recent work using the Hartle-Thorne external solution we have derived the
azimuthal (Keplerian), radial and polar (vertical) fundamental frequencies.1 The
application of these frequencies to the observed quasiperiodic oscillations (QPO)
from the low-mass X-ray binaries has been considered on the basis of the relativistic
precession model (RPM).2–4 We examined rotating spacetimes that comprehended
the effects of frame-dragging and quadrupolar deformation of the source and fit
directly the relation between the twin-peak quasiperiodic frequencies.5 We showed
that a statistically preferred fit is obtained for the case of three parameters: mass
M , angular momentum J and quadrupole moment Q with respect to an analysis
using only M and J .6
In this work, we extend our previous results considering the equilibrium structure
of rotating neutron stars within the model proposed in Ref. 7 by means of both
interior and exterior Hartle-Thorne solutions.8 By fulfilling all the stability criteria
and the latest observational and theoretical constraints on neutron star mass-radius
relations, we compute the mass, radius, rotation frequency and other parameters of
the Z -source GX 5-1.
Our paper is organized as follows: in Section 2, we consider the external Hartle-
Thorne solution; in Section 3, we discuss about the extraction of the M , J and Q of
GX 5-1 from its QPO data; in Section 4, we consider observational and theoretical
constraints on the mass-radius relations of neutron stars and in Section 5 we calcu-
late the main physical parameters of GX 5-1 such as radius and rotational frequency.
Finally, in Section 6, we summarize our main results, discuss their significance, and
draw our conclusions.
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2. The Hartle-Thorne metric
The Hartle-Thorne metric9,10 describing the exterior field of a slowly rotating
slightly deformed object is given by
ds2 =
(
1−
2M
r
)[
1 + 2k1P2(cos θ) + 2
(
1−
2M
r
)−1
J2
r4
(2 cos2 θ − 1)
]
dt2
−
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]
, (2)
are the associated Legendre functions of the second kind, with x = r/M − 1, and
P2(cos θ) = (1/2)(3 cos
2 θ−1) is the Legendre polynomial. The constantsM , J and
Q are the total mass, angular momentum and quadrupole moment of a rotating
object, respectively.
The Hartle-Thorne metric is an approximate solution of vacuum Einstein field
equations that describes the exterior of any slowly and rigidly rotating, stationary
and axially symmetric body. The metric is given with accuracy up to the second
order terms in the body’s angular momentum, and first order in its quadrupole
moment. Unlike other solutions of the Einstein field equations this solution pos-
sesses its internal counterpart and valid in the strong field regime with intermediate
rotation rate,12 which is quite enough for our analyses.
3. Extraction of the Mass, Angular Momentum and Quadrupole
Moment
Spacetimes around rotating neutron stars can be with a high precision approximated
by the three parametric Hartle–Thorne solution of Einstein field equations (see Ref.
10, 12). It is known that in most situations modeled with the present neutron star
equations of state (EoS) the neutron star external geometry is very different from
the Kerr geometry.11 However, the situation changes when the neutron star mass
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Fig. 1. The upper frequency fU is plotted versus the lower frequency fL for the Z source GX
5-1. The dashed green line corresponds to the static case and the solid red line corresponds to the
rotating case.
approaches maximum for a given EoS. For large masses the quadrupole moment
does not induce large differences from the Kerr geometry since q˜ = QM/J2 takes
values close to unity. Nevertheless, in general, this does not mean that one can
easily neglect the quadrupole moment, since the mass of an average neutron star
could be smaller than the maximum mass. For this reason in this work we extend
the analyses of Ref. 3, 4 involving the Hartle-Thorne solution.
In Fig. 1 we show best fits for the upper frequency versus the lower frequency for
the Z source GX 5-1 as it was first demonstrated in Ref. 1. We performed fits with
all three parameters and with one parameter, the mass M . Eventually, the three
parameter fit yields M = (1.98 ± 0.28)M⊙, j = 0.55 ± 0.15 and q = 2.65 ± 2.05.
In terms of physical units the angular momentum and quadrupole moments are
J = (4.66 ± 1.83) × 1010cm2 and Q = (8.78 ± 7.76) × 1044g×cm2, respectively.
Similar analyses have been performed in the Hartle-Thorne spacetime for another
source (see Refs. 14, 15 for details). It is worth noticing that the mass of GX
5-1 is unknown from observations. Nonetheless, our inferred mass of a central
compact object is consisted with the observed masses of neutron stars in similar
X-Ray/Optical binaries (for details, see Ref. 13).
4. Observational and theoretical constraints
It has been pointed out that the most recent and stringent constraints to the mass-
radius relation of neutron stars are provided from observational data for pulsars by
the values of the largest mass, the largest radius, the highest rotational frequency,
and the maximum surface gravity.16
So far, the largest neutron star mass measured with a high precision is the
September 10, 2018 3:5 WSPC Proceedings - 9.75in x 6.5in main page 4
4
8 10 12 14 16 18 200.0
0.5
1.0
1.5
2.0
2.5
3.0
Req@kmD
M
M

Fig. 2. Observational constraints on the mass-radius relation given by Tru¨mper16 and the
theoretical mass-radius relation presented in Belvedere et. al8 in Figs. 11 and 24. The red
lines represent the configuration with global charge neutrality, while the blue lines represent the
configuration with local charge neutrality. The magenta line and the purple line represent the
secular axisymmetric stability boundaries for the globally neutral and the locally neutral case,
respectively. The red and blue solid lines represent the Keplerian sequences and the red and blue
dashed lines represent the static cases. The solid black line is the upper limit of the surface gravity
of XTE J1814-338, the dotted-dashed black curve corresponds to the lower limit to the radius of
RX J1856-3754, the dashed black line is the constraint imposed by the fastest spinning pulsar PSR
J1748-2246ad, and the dotted curves are the 90% confidence level contours of constant R∞ of the
neutron star in the low-mass X-ray binary X7. Any mass-radius relation should pass through the
area delimited by the solid black, the dashed black and the dotted black lines and, in addition, it
must have a maximum mass larger than the mass of PSR J0348+0432, M = 2.01± 0.04M⊙.
mass of the 39.12 millisecond pulsar PSR J0348+0432,M = 2.01± 0.04M⊙.
17 The
largest radius is given by the lower limit to the radius of RX J1856-3754, as seen
by an observer at infinity R∞ = R[1− 2GM/(c
2R)]−1/2 > 16.8 km,19; it gives the
constraint 2GM/c2 > R − R3/(Rmin∞ )
2, where Rmin∞ = 16.8 km. The maximum
surface gravity is obtained by assuming a neutron star of M = 1.4M⊙ to fit the
Chandra data of the low-mass X-ray binary X7, it turns out that the radius of the
star satisfies R = 14.5+1.8
−1.6 km, at 90% confidence level, corresponding to R∞ =
[15.64, 18.86] km, respectively (see Ref. 20 for details). The maximum rotation rate
of a neutron star has been found to be νmax = 1045(M/M⊙)
1/2(10 km/R)3/2 Hz.21
The fastest observed pulsar is PSR J1748-2246ad with a rotation frequency of 716
Hz,22 which results in the constraint M ≥ 0.47(R/10 km)3M⊙. In Fig. 2 we show
all these constraints and the mass-radius relation presented in Refs. 7 and 8.
Similarly to what presented in Belvedere et al.7,8 for static and uniformly rotat-
ing neutron stars, and introduced by Tru¨mper16 the above observational constraints
show a preference on stiff EoS that provide largest maximum masses for neutron
stars. Taking into account the above constraints, the radius of a canonical neutron
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Fig. 3. Dimensionless angular momentum versus total mass. Red and blue solid curves are
the Keplerian sequences, and magenta and purple curves are axisymmetric secular instability
boundaries of both global and local neutrality cases, respectively.
star of mass M = 1.4M⊙ is strongly constrained to R & 12 km, disfavoring at the
same time strange quark matter stars. It is evident from Fig. 2 that mass-radius
relations for both the static and the rotating case presented here, are consistent
with all the observational constraints.
As for the theoretical constraints, one needs to take into account one more
parameter: the dimensionless angular momentum j (spin parameter). Relatively
recently Lo & Lin23 revealed that the maximum value of the dimensionless angular
momentum jmax of a neutron star uniformly rotating at the Keplerian frequency
has an upper bound of about 0.7, which is essentially independent on the mass of
neutron star as long as the mass is larger than about 1M⊙. However, the spin
parameter of a quark star does not have such a universal upper bound and could
be larger than unity.
Qi et. al24 extended the analyses of Lo & Lin23 considering different kinds of
uniformly rotating compact stars, including the traditional neutron stars, hyperonic
neutron stars and hybrid stars. It was shown that the crust structure was a key
factor to determine the properties of the spin parameter of the compact stars. When
the crust EoSs are considered, jmax ∼ 0.7 forM > 0.5M⊙ is satisfied for three kinds
of compact stars, no matter what the composition of the interior of the compact
stars was. When the crust EoSs are not included, the jmax of the compact stars can
be larger than 0.7 but less than about 1 for M > 0.5M⊙. Consequently, according
to Qi et. al24 the crust structure provide the physical origin to the stability of
jmax but not the interior of the compact stars. The strange quark stars with a
bare quark-matter surface are the unique one to have jmax > 1. Thus, one can
identify the strange quark stars based on the measured j > 1.0, while measured
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Fig. 4. Quadrupole moment versus mass in the global charge neutrality case. The solid red curve
is the Keplerian sequence, the solid purple curve is the axisymmetric secular instability sequence
and the solid black curve on the bottom is the static sequence. A region enclosed in with these
curves is called a stability region. All rotating stable configurations can exist only inside the
region. Extracted values of M , j and q are plotted in the stability region of rotating neutron stars.
Crossing points of these values determine the range of real values. Here we use NL3 model.7
j ∈ (0.7, 1.0) could not be treated as a strong evidence of the existence of a strange
quark star any more.
We show in Fig. 3 the spin parameter versus total mass. Clearly, the value of j
is different from those of Lo & Lin23 since we used different approach and different
EoS. Despite this the behavior of the j is more similar to those ones of Qi et. al24
than Lo & Lin,23 as we have crust in both local and global neutrality cases.
5. Estimation of the main parameters of neutron stars
So far, we inferred the M , J and Q from the observed QPO data for GX 5-1,
interpreting epicyclic frequencies as observed QPOs. We constructed the mass-
radius, mass-dimensionless angular momentum and quadrupole moment-mass re-
lations from theory. Now we shall use the inferred M , J and Q to estimate the
equatorial radius Req and rotation frequency f . Knowing J and f one can easily
find the corresponding moment of inertia. In Figs. 4 and 5 we show the main
parameters of neutron stars for both global and local neutrality cases.
We plot the Keplerian sequence and secular instability curve in the Q − M
diagram. Moreover, we draw curves corresponding to the inferred M , J and Q and
their error bars, which determine the bounds of M , J and Q. The crossing points
of these bounds with each other and with the stability region indicate the bounds
for Req , f and other parameters for GX 5-1 (see the shaded region in Figs. 4 and
5). As we can see the maximum value of the equatorial radius is around 15km and
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Fig. 5. Quadrupole moment versus mass in the local charge neutrality case. Extracted values of
M , j and q are plotted in the stability region of rotating neutron stars. Crossing points of these
values determine the range of real values. Here we use NL3 model.
as we expected it is smaller than the innermost radius r = 21km of the accretion
disk and the radius of the marginally stable circular geodesics r = 19.3km.5
6. Conclusion
In this work with the help of the epicyclic frequencies of test particles in the Hartle-
Thorne spacetime and the relativistic precession model we have interpreted the
quasi-periodic oscillations of the low-mass X-ray binaries. From the observational
data of GX 5-1 by fitting fundamental frequencies we extracted the total mass M ,
angular momentum J and quadrupole moment Q of the source with their error bars.
From the fact that j2 6= q and jmax ≤ 1 we came to the conclusion that the
source was a neutron rather than a black hole or a strange quark star. On the basis of
Ref. 8 we calculated its main parameters by imposing observational and theoretical
constraints. As a results by combining theory of neutron stars and observations of
quasi-periodic oscillations, we computed the range of basic parameters of GX 5-1
such as the total mass, angular momentum, quadrupole moment, equatorial radius,
rotation frequency etc. which play an important role in the physics of neutron stars.
For better analyses one needs to consider more sources with refined data.
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